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1 Introduction 

The purpose of this paper is to explore the connection between geodesic 
rays in the space of Kahler metrics in algebraic manifold and test configura- 
tions jTlj. This is a continuation of [5] in some aspects. In [5], the first named 
author and E. Calabi proved that the space of Kahler potentials is a non- 
positive curved space in the sense of Alexanderov. As a consequence, they 
proved that for any given geodesic ray and any given Kahler potential out- 
side of the given ray, there always exists a geodesic ray in the sense of metric 
distance (L^ in the Kahler potentials) which initiates from the given Kahler 
potential and parallel to the initial geodesic ray. The initial geodesic ray, 
plays the role of prescribing an asymptotic direction for the new geodesic ray 
out of any other Kahler potential. When the initial geodesic ray is smooth 
and is tamed by a bounded ambient geometry, the first named author |3] 
proved the existence of relative C^'^ geodesic ray from any initial Kahler po- 
tential. (These definitions can be found in Section 2.) Similarly, as remarked 
in [4J, a test configuration should plays a similar role. One would hke to 
know if it induces a relative C^'^ geodesic ray from any other Kahler poten- 
tial in the direction of test configuration. In [22], Arezzo and Tian proved a 
surprising result that for a smooth test configuration with analytic (smooth) 
central fiber, there always exists an asymptotic smooth geodesic ray from 
fibre which is close enough to the central fiber. A natural question, moti- 
vated by Arezzo-Tian's work, is if there exists a relative geodesic ray from 
arbitrary initial Kahler metric which also refiects the same geometry (i.e., 
degenerations) of the underlying test configuration. In section 3, we prove 

Theorem 1.1. Every smooth test configuration induces a relative C^'^ geodesic 
ray^ 

Test configurations can be viewed as algebraic rays, which are geodesies 
in a finite dimensional subspace( with new metric) of space of Kahler met- 
rics. The geodesic rays induced by a test configuration are the rays parallel 

^Following ideas of [4], the smooth assumption can be reduced to a lower bound of the 
Riemannian curvature of the total space. 
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to the algebraic ray. They automatically have bounded ambient geometry 
introduced by the first named author |3]. 

Theorem 1.2. For simple test configuration^, if the induced geodesic ray 
is smooth regula'^, then the generalized Futaki invariant agrees with the ¥ 
invariant. 

The Futaki invariant was initially introduced by Futaki [12] as obstruction 
to the existence of Kahler Einstein metrics. E. Calabi [2] generalized it to be 
an obstruction for the existence of constant scalar curvature (cscK) metrics. 
It was then generalized by Ding, Tian [7] in the case of special degeneration. 
When Tian studied the existence of Kahler Einstein metrics with positive 
scalar curvature, he [23] introduced the notion of K stability by using this 
generalized Futaki invariant in special degeneration. In the same paper, G. 
Tian proved that the existence of KE metric implies K semi-stability. In 
2002, S. K. Donaldson formulated an algebraic Futaki invariant and defined 
an equivalent version of K stability on more general test configuration by 
using the algebraic Futaki invariant. One important step in Donaldson's ap- 
proach is to prove a theorem similar to our Theorem 1.2 for the generalized 
Futaki invariant of Ding-Tian and the algebraic Futaki invariant of Donald- 
son. 

On the other hand, the generalized Futaki invariant or algebraic Futaki 
invariant is an algebraic notion which relates to the stability of projective 
manifolds. It is a well-known conjecture that the existence of constant scalar 
curvature metrics, or extremal Kahler metrics more generally, is equivalent 
to some kind of algebraic stability (Yau-Tian-Donaldson conjecture). In [1], 
the first named author use ¥ invariant to define geodesic stability. Theo- 
rem 1.2 states that geodesic stability in the algebraic manifold, is a proper 
generalization of K stability, at least conceptually. The first named author 
believes that the existence of KE metrics is equivalent to the geodesic stabil- 
ity introduced in [3]. 

The Yau-Tian-Donaldson conjecture is a central problem in Kahler ge- 
ometry now. Through the hard work of many mathematicians, we now know 

^DefinitionlU 

•^Definition 12. li it is also equivalent to Definition 16.21 in this case 
"^The ¥ invariant is defined by the first named author ^ 
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more about one direction ( from existence to stability), cf. Tian[23], Donald- 
son [5] , Mabuchip^. Paul-Tian[T7], Clien-Tian[B].... But on the direction 
from algebraic stability to existence, few progress has been made though. 
However, in toric manifolds, there has been special results of Donaldson ^11] 
and Zhou-Zhu|26]. 

There is an intriguing work by V.Apostolov, D.Calderbank, P.Gauduchon, 
C.W.Tonnesen- Friedman |T3j. They constructed an example which is sus- 
pected to be algebraically K stablqj, but admits no extremal Kahler metric. 
Perhaps one might speculate that, the geodesic stability introduced in [3] is 
one of the possible alternatives since it appears to be stronger than K stabil- 
ity and it is a non algebraic notion in nature. 

The converse to Theorem 11.11 is widely open. In other words, it is hard 
to compactify a geodesic ray. The rays induced by any test configuration is 
very special in many aspects. For instance, the foliation of a smooth geodesic 
ray is not periodic in general. However, for the geodesic rays induced from a 
test configurations, the foliation is always periodic. Unfortunately, having a 
periodic orbit does not appear to be enough to construct a test configuration. 
It would be a very intriguing problem to find a sufficient condition so that 
we can "construct" a test configuration out of a "good" geodesic ray. 

Question A Is there a canonical method to construct some test configura- 
tion/algebraic ray such that it reflects the same degeneration of a geometric 
ray? What is natural geometric conditions on the "good" geodesic ray? 

Our second main result is to establish the correspondence between smooth 
regular solutions of Homogeneous complex Monge Ampere equation (HCMA) 
on simple test configurations and some family of holomorphic discs in an 
ambient space W which will be explicitly constructed. We prove, in section 
5, 

Theorem 1.3. There is a one to one correspondence between smooth regular 
solutions of HCMA on simple test configuration A4 and families of holomor- 
phic discs in W with proper boundary condition. 

Note that in the case of disc, roughly speaking, S. K. Donaldson [9] and 
Semmes [20] established first such a correspondence between the regularity of 

^Generalized K stable for extremal Kahler metrics, cf. [T3] . 
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the solution of the HCMA equation and the smoothness of the moduh space of 
holomorphic discs whose boundary hes in some totally real sub-manifold. The 
theorem above is a generalization of Donaldson's result. Following this point 
of view, the regularity of the solution is essentially the same as the smoothness 
of the moduli space of these holomorphic discs under perturbation. As in [9] , 
we proved the openness of smooth regular solutions in Section 6 

Theorem 1.4. Let p{t) he a smooth regular geodesic ray induced by a simple 
test configuration. Then there exists a parallel smooth regular geodesic ray 
for any initial point sufficiently close to p(0) in C°° sense. 

An immediate corollary is that the smooth geodesic ray constructed by 
Arezzo-Tian is open for small deformation of the initial Kahler potential. 
One may wonder what about the closeness of these solutions? Note that the 
first named author and Tian [6J studied the compactness of these holomor- 
phic discs in the disc setting and we believe that the technique of [B] can be 
extended over here. 

In Section 7, as a special case, we explore the geodesic rays induced by 
toric degenerations [TT] . In particular, we found plenty of geodesic rays whose 
regularity is at most C^'^ globally. We state a theorem with a sketch of the 
proof: 

Theorem 1.5. The geodesic ray induced by a toric degeneration has the 
initial direction equal to the extremal function in the polytope representation. 

More interestingly, we can write down the geodesic ray explicitly in poly- 
tope representation. Thus, the various invariants and energies can be calcu- 
lated explicitly. 

Acknowledgments Both authors are grateful to G. Tian for many insightful 
discussions. The first named author is grateful to S. K. Donaldson for many 
discussions in this subject. 

2 Preliminary 

2.1 Geodesic rays in Kahler potential space 

Let {M,uj, J) be a compact Kahler manifold of complex dimension n. This 
means J is an integrable complex structure and the symplectic form u is 
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compatible with J. In another word, a;(J-, J-) = •), and g — uj{-, J-) is a 
metric. 

In local complex coordinates Za = Xa + iya, denote the metric g = a;(-, J-) 
by gapdz^ ® dz^ . g^^ is the complexification of the real metric gij. 
By definition, cj = ^^'^g^pdz" A dz^. Let 



7i = {0 e C^{M) : g,^ + > 0} (1) 



It follows the dd lemma that H is the moduli space of all Kahler metrics in 
the class [a;]. 

Ti is an infinite dimensional manifold with formal tangent space TTi^ — 
C°°{M). Mabuchi defined a metric as the following: Let 0i,02 G TH^j). 

< 01,02 >u;^= / 0102^/^= / 0102^= / 0102^ . (2) 

Jm Jm Jm 

Under this metric, the geodesic equation for curve (f){t) E H is the follow- 
ing: 

- 9'f^a4>-p = (3) 

It is just the Euler-Lagrange equation of the energy E{(f){t)) = Jq J 4>'^-^dt. 
Donaldson and Semmcs transformed the geodesic equation into a Complex 
Monge-Ampere equation: Let S = [0, 1] x S*^, a Ricmann surface. Now is 
originally defined for t G [0, 1]. Extend to be invariant function on S. 
Let z = t + is he complex coordinate of S, Wa be local coordinates on M. 
Then the geodesic equation is transformed into 

det { + ^--^ 1=0 (4) 

In another word, it is (fi + %dd(\)Y'^^ = on M x E, where Q = 7r*a; is the 
pull back of ijj by the projection tt : M x S — M . 

Now, the geodesic connecting two points 0o and 0i is the solution of: 

det { S-P^^-P ^ ^ on M X E (5) 







= 00 on M X X 5^ (6) 
= 01 on M X 1 X 5^ (7) 
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Definition 2.1. Smooth Regular solution: We call a smooth regular solu- 
tion (sometimes smooth solution for simplicity) of the Monge- Ampere equa- 
tion, if (p is smooth and g^/s + 4>ai3 > on fibers. 

In [5], The first named author proved the existence of a C^'^ solution to 
above equation. He used the continuity method to solve det = ef equation, 
and proved the following: For every e > 0, there is a unique smooth solution 
(pe with Iddcpel < C. The C only depends on the background metric and the 
manifold. In fact, his proof works for Monge Ampere equation on general 
compact complex manifold with boundary. He also proved the uniqueness 
of the limit when e 0. Notice that the uniqueness is expected since 7i 
is negatively curved space. Donaldson [TO] showed H is negatively curved 
in formal sense and later, the first named author and Calabi |5j proved it is 
negatively curved in the sense of Alexanderof. 

The regularity beyond C^'^ is missing. Our example in section 7 showed a 
solution with no global bound. A similar setup [9j to the geodesic equation 
is concerned Monege Ampere equation on M x D instead of M x (/ x S^). In 
that setup, Donaldson showed there exists boundary value such that there 
is no smooth regular solution. In this direction, a deep analytic result is [6]. 
The first named author and Tian characterize the singularity in detail by 
analyzing the holomorphic discs associated to a solution. 

In geodesic ray case, the equation holds on M x [0, oo) x S'^ instead of 
M X I X S^. By changing variable: z = e~(*+*^\ the strip [0, oo) x goes to 
a punched disc. The equation becomes {Q + iddip)^^^ = on M x (Z^ — 0). 

2.2 Test configuration and equivariant embedding 

Test configuration is defined by Donaldson [11]. He used test configurations 
to study the relation between stability of projective manifolds and the exis- 
tence of extremal Kahler metrics. Test configuration is parallel to the notion 
"the special degeneration", defined by Tian earlier. Briefly speaking, they 
both describe a certain degeneration of Kahler manifolds. On the other hand, 
the geodesic ray represents the degeneration of Kahler metrics. So they are 
naturally related. 

Following Donaldson's definition. 

Definition 2.2. Let L ^ M be an ample line bundle over a compact complex 
manifold. A test configuration Jvl consists of: 
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1. a scheme A4 with a C*— action. 

2. a C* — equivariant hne bundle C ^ A4. 

3. a flat C*— equivariant map : Ai ^ C, where C* acts on C by mul- 
tiplication. Any fiber Mj = vr~^(t) for t 7^ is isomorphic to M. The 
pair (L^,M) is isomorphic to (£|Mt5^t) for some r > 0, in particular, 
(L%M) = (Li,Mi). 

Test configuration is more explicit in the view of equivariant embed- 
ding [19]. Without loss of generality, assume r = 1. For large k, C'^ —>■ 
Ai ^ C can be embedded into C(l) — > x C ^ C equivariantly. It 
means there is a C* action on 0{1) x C ^ C, which restricts to the 

C* action of the embedded C'^ M. C . In fact, the embedding of each 
fiber Mt is just the Kodaira embedding by the linear system H^{Mt.i C.^\Mt)- 
Moreover, one can make the action on 0{1) x C ^ C unitary. 

In the rest of the paper, we always treat test configurations as equivari- 
antly embedded with r = = 1. Therefore, we work at a subspace of 
X C. Also, in geodesic ray problem, there is no loss of generality to only 
look at truncated test configuration Ai ^ D. 

At last, we define a special kind of test configuration. Geometrically 
speaking, it is the best behaved test configuration. 

Definition 2.3. Simple test configuration: A test configuration Ai C P^ x 
D is called simple if the total space is smooth {Ai is a smooth sub-manifold 
of P^ X D) and the projection tt : Ai —>■ D is submersion everywhere. 

By definition, the central fiber of a simple test configuration is automat- 
ically smooth. 

3 Relative geodesic ray from smooth test 
configuration 

3.1 Existence 

As mentioned before, test configuration represents some degeneration of a 
Kahler manifold along a C* action. Geodesic ray represents a degeneration 
of Kahler metrics along a punched disc. So it is natural to relate the truncated 
test configuration to a geodesic ray. We have the following theorem: 
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Theorem 3.1. A smooth truncated test configuration M. ^ D induces a 
relative C^'^ geodesic ray from any given initial point p ^Ti. 

The existence is a direct apphcation of the first named author's resuh [5] . 
However, we have to assume that the total space of the test configuration is 
smooth. We hope the result can be extended to singular test configurations 
accordingly. 

In[4J, the first author took another approach to construct the geodesic 
ray. Using techniques in[3], the smooth condition here can be reduced to the 
lower bound of the Riemann curvature of the total space. 
Proof: Consider a smooth test configuration over a disc: {C ^ M. ^ D) ^ 
^ xD ^ D). Assume the total space is smooth, i.e, M C P^xD 
is smooth. Let Q be the Fubini-study metric on P^ x D. Actually, it means 
the pull back of Fubini-study metric on P^ by projection: P^ x D ^ P^ . 

Now solve the equation 

{Q + V^dd^)''+^ = on M (8) 
ip = on dM (9) 

According to [3], this equation has a C^'^ solution( It is not exactly the same 
situation as in [3], but the techniques are the same). The following shows 
that: This solution corresponds to a geodesic ray in the Kahler class Ci(L). 

The C* action on Ai induces a biholomorphic map i : (Li, Mi) x {D—0) — *• 
{C, M) - Mq. Now i maps (e, x, z) G (Li, Mi) x (D - 0) to z o (e, x, 1) C 
(£, A1). zo is the C* action of test configuration, and (e,x, 1) G (Li,Mi). 
The map i pulls the equation to 

{evL + ^f^ddi*i)Y+^ = (10) 

on Ml X {D — 0), with boundary condition i*ilj = on Mi x S^. 

Let uj = Q\mi, and vr : Mi x — 0) — > Mi be the projection, then 

Proposition 3.2. i*Q = tt*uj + yj—lddrj for some smooth function rj. 

Proof: Let h be the Fubini-Study hermitian metric on 0{1) —* P^ . So Q = 
— yf^ddlogh and i*Q = —\/^dd\ogi*h. Note 7r*u; = —\/^dd\oghi. hi 
is the pull back of the hermitian metric on line bundle Li Mi by trivial 
projection vr : (Li,Mi) x{D-0) (^i,Mi). Soi*n = tt*uj + y/^dd\og^ 
and r] = log^. □ 
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Proposition 3.3. (p = rj + is a geodesic ray. 

Proof: We have showed {7^*uJ + ^/^^^^p)'^'^^ = on M x (D — 0) . It remains 
to show the invariance of ip. First, we check the invariance of t]. By 
assumption, action on C(l) x C is unitary. So the h is preserved 

by action. This immediately imphes rj = log^ is invariant. Now 
we check ip. ip is invariant because the boundary condition ip = is 
invariant, and the uniqueness of Monge Ampere solution. In another word, 
for the unique solution, the symmetric on the boundary will force the 
symmetry in the interior. Now both rj and ip are invariant, so is ip. □ 

So far, we have associated a relative C^'^ geodesic ray to the test config- 
uration. The ray starts from a fixed point p, because we solved the equation 
with boundary condition ip = 0. However, for another arbitrary point q, one 
can go back to the equation [8], solve ip = ipQ on dM. and obtain the relative 
C^'^ ray from q. ipo is the extension of the potential difference between q 
and p. □ 

In [22j , Arezzo and Tian constructed an analytic geodesic ray from a test 
configuration when the central fiber is analytic. Such test configurations 
in |22] are simple test configurations 12.31 Using the openness theorem 16. 5[ 
we know that there are smooth geodesic rays near the ray they constructed. 

Back to the question: given a geodesic ray, how to construct a test config- 
uration which represents the same degeneration? Donaldson's construction 
of toric degenerations [11] is very inspiring: He chose piece wise linear func- 
tions to approximate an arbitrary direction, and the piece wise linear func- 
tion leads to a well defined test configuration. In principle, one can think 
the degenerations represented by test configuration are dense in all possible 
geometrical degenerations. Donaldson's construction is a method to choose 
good approximation, which refiects the same character of degeneration. 

3.2 Special cases: geodesic line and Toric variety 

One example of geodesic ray is the geodesic line generated by a holomorphic 
vector field. Let M be Kahler manifold with Kahler form u. Let X be a 
holomorphic vector field such that: X = for some real potential / and 

Im{X) is killing vector field. Let a{t) be the fiow generated by Re{X) = 
V ujf ■ Then the 1-parameter family Up(t) = a(t)*u! is a geodesic line, t E 
(— oo, oo). 
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Another special case is when the manifold is a toric variety. For a toric 
variety, there is an associated polytope. In detail, there is biholomorphic map 
f : M° = C"/27riZ" ^ P° x T". M° is an open dense subset of M where 
the toric action is free. P is a polytope in R"^ satisfying Delzant condition. If 
we write a Toric- invariant Kahler metric u!\m° — iddf, then there is a map 
from C"^/27riZ" to P° x T": {u,v) ^ {x = ^ v). Under this map , the 
Kahler form cu is translated into dxAdy. The complex structure is translated 
into 

Gij = g^-, g{x) + f{u) = X = 1^. In another word, in the 

symplectic chart, the complex structure has a potential g. 

This transformation is really helpful for the geodesic equation. The 
geodesic equation, in the polytope representation, is linear for Complex struc- 
ture potential g{t). i.e, 

m = (12) 

This immediately implies the existence of smooth geodesies connecting any 
two toric metrics. It is just the linear interpolation of the two end potentials. 

4 Connection between algebraic notions and 
geometric notions 

4.1 Algebraic ray and geodesic ray 

Test configurations can be viewed as algebraic rays. The induced geodesic 
rays are parallel to the algebraic ray. 

Definition 4.1. Two rays pi{t) and P2{t) in the space of Kahler metrics are 
called parallel if Pi{t) — P2{t) is uniformly bounded. 

The equality (p = rj + can be interpreted geometrically, r/ represents 
the degeneration of the metric from the algebraic C* action. ip is the dif- 
ference between the algebraic ray and the differential geometric ray. Notice 
that ■0 is C^'^ bounded. We will elaborate above statement in the following: 

Recall that (L, M) = (Li,Mi) ^ (C>(1),P^) is embedding. The group 
GL{N+1, C) acts on (0(1), P^). If one looks at the dual bundle of 0(1) (i.e. 
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the universal bundle {{e. x) G (7^+^ x : e — Xx}), the action is simply 
A{e, x) = (Ae, Ax), A e GL{N + 1, C). The natural dual map between 0{l) 
and universal bundle passes the action from one to the other. 

Consequently, the action acts on the hermitian metric of 0{\), thus on 
its curvature. The following lemma shows it preserves the positivity of the 
hermitian curvature. 

Lemma 4.2. Let A e GL{N C), h is the Fubini-Study hermitian metric 
on 0{1), then -iddlogA*h > 

Proof: It suffices to prove that the action preserves the negativity of cur- 
vature on the universal bundle. Under the action A, the metric of e = 
{Xo, Xi, .... Xn) G 0{ — 1) changes into ||Ae|p from standard Fubini-Study 
metric ||e|p. Notice that the action A^^UA for U G U{N -|- 1) is tran- 
sitive on and preserves the A*h. So one just needs to show negativ- 
ity at one point. Lets consider the point p — 0, 0)*, and e = 
{Xq, 1, Xj+i..., Xn). At the point p, 

n 

- V^aa log I \Ae\\^ = - ^ ^ AjkAjidXk A dXi (13) 

j = l k,ly^i 

To show the positivity, it suffices to show that the null space of the matrix 
Ajk,j 7^ l,k ^ i must be empty. If v = (ao, •••j ctj+i, ...aTv) is a null 
vector, then the vector Av* must be of form (c 7^ 0,0,0, ...,0), because of 
non-singularity of A. By scaling c—1, A will map two vectors to (1, 0, 0), 
contradiction. □ 

The consequence is: GL{N + 1, C) action induces a finite dimensional 
subspace Hn 'H. Hn consists of those metrics obtained by the GL{N + 
1, C) action. 

The space Hn a, symmetric space. Its dual is the unitary group U{N + 
1). Under the natural metric of symmetric spaces, the G* action (as a 1- 
parameter family of metrics) is a geodesic ray in Tijv- It is interesting to 
consider the limit of these algebraic rays when one raise the dimension of 
ambient space P^(we can raise the power k of C'' and do Kodaira embedding, 
then pull the ray back to the class ci(L) by dividing out the scalar k). First, 
it is easy to derive that all the embedding induce the same geometric geodesic 
ray. 

Lemma 4.3. Different embedding of a test configuration into projective spaces 
induce the same geodesic ray provided the rays start at the same point. 
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Proof: By different embedding, one essentially raise the power k oi ^ 
M ^ D and then use sections of H^{M.,C^) to embed M into 

0{1) — *• X D. The Fubini-Study metric naturally induces a metric on 
L'^, which has curvature in class kci{C). To get a geodesic ray in the Kahler 
class ci(L), one takes the fc-th root of the Fubini metric on to get a 
hermitian metric /i^ on C Notice that log ^ is the potential difference 
of the background metric Vl^ and When we solve the Monge Ampere 
equation, this finite difference goes into the C^'^ solutions (pk and 0„. Thus 
the ray potential 77^ + i*(j)k = Vn + i*4>n- D 

As A; 00, it is expected these algebraic rays should converge to the geo- 
metric geodesic ray. This is a natural extension of the classical problem: Use 
Bergman metrics to approximate a given Kahler metric. There is extensive 
literature on this topic, c.f. Tian[2l], Zelditch[25], Lu[T5j, Song[2T]. 

4.2 Bounded ambient geometry and test configuration 

In |3], the first named author defined bounded ambient geometry to study 
geodesic rays. Briefly speaking, a geodesic ray is called to have bounded 
ambient geometry if the following holds: There exists a metric ^ on M x 

X [0, 00) such that the ray has a C^'^ relative potential under g, and g has 
uniformly bounded curvature. 

The geodesic ray induced by a smooth test configuration always has 
bounded ambient geometry. To see this, one restrict the metric Q + idz A dz 
to the punched part — Mq. Since fl + idz A dz has bounded geometry on 
Ai, the restriction clearly has bounded geometry. The punched part is holo- 
morphic identified with M x x [0, 00), thus the ray has bounded ambient 
geometry. Actually, it is a stronger version of bounded ambient geometry 
since the metric ^ on M x S*^ x [0, 00) can be compactified into disc fibera- 
tion. In general cases of bounded ambient geometry, this is not necessarily 
true. 

In [3], it is proved that: Let p{t) be a geodesic ray with bounded ambient 
geometry, then for any other potential (pQ, there is a unique relative C^'^ 
geodesic ray starting from 0o and parallel to p(t). Alternatively, we can use 
this to derive the existence of geodesic rays, based on the algebraic ray. 
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4.3 Futaki invariant, ¥ invariant and stability 

Futaki invariant is introduced by Futaki, on the manifold with positive chern 
class Ci > 0. Later, Calabi extended the definition to general Kahler man- 
ifold. Ding and Tian generalized Futaki invariant for a class of singular 
varieties [7j and Donaldson defined Futaki invariant for test configurations. 

The classical definition of Futaki invariant is the following: Let M be 
a Kahler manifold with Kahler metric uj. Let X be a holomorphic vector 
field on M. Let h be the solution of Ah = R — R. Futaki invariant is 
a linear functional: J^{X) = J^j X{h)uj"'. The definition is independent 
with the metric u chosen in a fixed class. In particular, when X = /'"g^, 

Ding and Tian [7] generalized the Futaki invariant to a class of singular 
varieties. Briefiy speaking, they embed the variety into a projective space 
P^, and consider the restriction of ambient holomorphic vector fields tangent 
to the variety on regular points. Also they consider the restriction of ambient 
Fubini-study metric u and define Futaki invariant in similar fashion. 

In test configuration, Donaldson's algebraic definition of Futaki invariant 
is: Let C ^ A4 ^ D he a test configuration. Consider the C* action on 
the central fiber Lq — > Mq, and its powers Lq Mq. Let = dimHk = 
dim (Mq; Lq) and Wk be the weight of the C* action on highest exterior 
power of Hk- Then F{k) = Wk/kdk has an expansion 

F{k) = Fo + Fik-^ + F2k-^ + (14) 

The coefficient Fi is called the Futaki invariant of the C* action on (Lq, Mq). 
He proved that if the central fiber is smooth, then the algebraic Futaki in- 
variant agrees with the classical Futaki invariant. 

Using Futaki invariant, Donaldson defined stability. A pair (L, M) is K- 
stable if: For each test configuration for (L, M) (i.e, (Li, Mi) = (L, M)), the 
Futaki invariant of the C* action on (Lq, Mq) is less than or equal to zero, and 
the equality only occurs when the configuration is a product configuration. 

This algebraic definition agrees with an early geometric definition of K- 
stability by Ding and Tian. In [7j, they used a C* action of to obtain 
the limit of the varieties Mt, then studied the Futaki invariant of the limiting 
variety Mq. The spirit is similar to Donaldson's setup of test configuration. 

Notice that in test configuration, the stability is to check the Futaki in- 
variant of the central fiber. However, one would like to have some criterion 
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that doesn't need a specific central fiber. Just as the bounded ambient ge- 
ometry only concerns behavior before reaching the limit, the ¥ invariant is 
a nice notion parallel to Futaki invariant and doesn't need a specific central 
fiber. Following [4j. 

Definition 4.4. For a smooth geodesic ray p{t), ¥ invariant is defined to be 
¥ = hm ^ = lim / ^{R - (15) 

The K-engery is convex along geodesies. So ^ is monotone and the limit 
exists. 

The first named author defined the notion of geodesic stability by ¥ 
invariant: M is weakly geodesically stable if every geodesic ray has non- 
negative ¥ invariant. This is parallel to K-stability in test configurations. 
However, geodesic rays represent all possible geometrical degenerations. So 
it is possible that the geodesic ray might detect some instabilities which test 
configuration cant detect. 

To clarify the analogy, we prove that: In the case of simple test configu- 
rations, the ¥ invariant agrees with the Futaki invariant. 

Theorem 4.5. For simple test configuration, if the geodesic ray is smooth 
regular, then ¥ invariant agrees with Futaki invariant. 

Proof: By definition of simple test configuration, the central fiber is smooth. 
Following [IT], the algebraic Futaki invariant is exactly the classical Futaki- 
invariant applying to the C* action holomorphic vector field in the central 
fiber. 

Let uOf. be the restriction oi + idd(j) on Mq. The action of the C* 
action is a hamiltonian action on Mq. Let / be the hamiltonian. In another 
word, df = ivOJci where v is the 5*^ action vector field. The Futaki-invariant 
of the C* action is 

y = j f{R-R)co: (16) 

Now we look at ¥ = limt_^oo / ^{R — R)^^ ■ If we apply a diffeomorphism 
to each M in M x [0, oo) x 5^ i.e, identify the M x [0, oo) x S"^ with M - Mq, 
then 

lim Ljp = Uc, lim Rp = R^^^ (17) 

t~*oo t--+oo 

^It is the same up to a sign 
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So it suffices to show lim^^oo = ~f- 

Notice the following fact: In Mx [0, oo) x S^, the solution foliation induces 
an action, which is moving along the leaf in 5*^ direction. By identifying 
the fiber Mf with Mte where |^| = 1, the 5*^ action is hamiltonian action with 
hamiltonian under the symplectic form ujp. By translating this into the 
context of A^, we have: If we identify the fiber Mt with Mtg via the action 
of the C* action, then the action induced by foliation is hamiltonian action 
with hamiltonian under symplectic form ujp. Now we take limit of the 
identification towards the central fiber, the action induced by foliation 
converges to the action of the C* action on the central fiber. In the 
picture of test configuration, the limit of the action induced by foliation is 
trivial in the central fiber. However, because of the distortion created by the 
identification, the limit under this identification is the reverse of action of 
the C* action on central fiber. 

Therefore, the limit of the hamiltonian ^ is the hamiltonian of the lim- 
iting action. So lim^^oo |j = — / and the theorem is proved. □ 

It is a well known conjecture that existence of constant scalar curvature 
metric or extremal metric is related to the stability of Kahler manifolds. Yau 
pointed out this in 1980s. From then on, there has been much progress in this 
topic. Interested readers may consult the rich literature in this area, Tian[23]. 
Donaldson [8] , Mabuchi[T6]. Paul-Tian[T7]. chen-tian[6], Zhou-Zhu[26]... 

5 Monge Ampere equation on Simple test con- 
figurations 

Following Donaldson's idea this section extends the correspondence in [H] 
to the case of Monge Ampere equation on simple test configurations. 

But to explain the background and the motive, we start with a review on 
Donaldson's result. M is a Kahler manifold with a given Kahler form u. We 
solve the equation {7i*uj + idd(j))^~^^ = on M x D with boundary condition 
= 00 on M X dD. tt is the natural projection to M. 

Donaldson and Semmes independently constructed the following mani- 
fold W — > M. W is glued by local holomorphic cotangent bundle over M. 
There exists a lifting of M into W for every Kahler metric uj + iddcp. If one 
take the lifting of M x D into W x D hy the solution uj + iddcj), then one 
will obtain a family of holomorphic discs. These discs are the lifting of the 
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foliation induced by the degenerated form tt*uj + idd(f). Vice versa, if one has 
the family, then it can induce a solution to Monge Ampere equation. This 
correspondence is useful. It relates the PDE regularity to the moduli space 
of holomorphic discs. 

However, Donaldson's construction only works for a product like M x 
D. But a test configuration of real interest is not a product space. So 
the previous construction won't work directly. We solve this problem by 
taking a new point of view on the old construction: View W x D as a global 
construction over M x D. Then we can derive an analogy in non-product 
case. 



5.1 Construction of W ^ M 

Recall a test configuration is simple (definition 12. 3p if: The total space Ai 
is smooth [Ai is a smooth sub-manifold of x D) and the projection 
n : Ai ^ D is submersion everywhere. 

From the definition, simple test configuration is fiberation over disc. Each 
fiber is smooth because n : Ai ^ D is submersion everywhere. 

Let Aihe a simple test configuration. We solve {Q + idd(j))"'~^^ = on 
Since vr : — > Z) is submersion everywhere, so Ai is locally product space. 
To see this explicitly in the complex coordinates: First, choose a complex 
coordinate {xq, ...,a;„} for U C Ai. The projection z = z{xo, is holo- 

morphic and ^ 7^ by assumption of submersion. Now one can easily cook 
up a tuple {z,Xi-^, ...,Xi^} such that the transition between {z,Xi-^, ...,Xi^} 
and {xo,...,Xn} is non-degenerate. {z,Xi-^, ...,Xi^} is the product holomor- 
phic coordinate we are looking for. 

In the future, such product coordinate is denoted by {z, w) with z E D 
and w G M^. Cover Ai with local product charts f/j. On Ui, suppose the 
fl = iddpi. Write T*Ai/T*C over [/„ by local coordinates {z,w,q). We glue 
these charts together, and define the transition between {z, w, q) over Ua and 
(f , x,p) over Uf^: 

z = V 

w = w{v,x) as defined in Ai 

- P'd^, + dw, ^^^^ 
One can verify these local charts {z, w, q) glue up to a complex manifold 
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W — > A1. Define a form © on each fiber of W — > -D, 

Q\wt — dqi A dwi (19) 

is well defined only on the fiber, so ©li^j is a family of forms. 

The real part of © is a symplectic form on Wt- So Wt is a symplectic 
manifold and we can talk about Lagrangian sub- manifolds of Wt- 

Definition 5.1. For a Lagrangian sub-manifold L^, is called LS-submanifold 
if ©lij is non-degenerate. Lt is called LS-graph if it is LS-submanifold and 
also be a graph over Mj. 

By straightforward calculation, one can see LS-graphs are of forms 90 for 
some real potential on M^, and ©|l^ = ddcj). 
Our main result in section 4 is: 

Theorem 5.2. Let M. he a simple test configuration. There is an associated 
manifold W ^ ^A such that: 

1. A smooth solution 4> of {fl + idd(j))"'~^^ = 0, = 0o on d/A induces a 
family of holomorphic discs G: MxD^Ad^W factoring through 
the foliation on M., such that the image of G{-,z) is a LS-graph in 
Wz Mz for all z and {J^edD ^i'l^) ^ totally real sub-manifold of 
W. 

2. If a family of holomorphic discs G : MxD ^ W respects the projection 
W ^ D, i.e, 71 o G : M X D ^ D is a projection to D. Also assume it 
satisfies the boundary condition G{-. z) = !^z.4>o for z G dD, where ^z,4>o 
is the lifting of Mz by metric il + iddcpo, then the image of G{-,z) is 
a LS-submanifold in for all z. Moreover, if assuming these images 
are LS-graphs, then the family projects to a foliation of Ai and induces 
a smooth solution 4> to {fl-\- idd(j)Y^^ — with (p — (po on dAi. 

5.2 One side of the Correspondence 

Now suppose there is a smooth solution for {Q,-\-idd4))^^^ = on A^, = 0o 
on (9A^, with + iddcj) positive on M^. 

In local product coordinates {z,w) of M., write Vt -\- iddcp = iddf . Since 
Q,-\-idd(t) has rank n, it has a 1-complex dimension kernel. Let X — -§^+V"-^ 
be in kernel of iddf, then 

= ddfi- + v"^) = {tfa-p + h-p)dw~^ + {riVa, + f.,)d-z (20) 
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so 



V" = -L^r^ (21) 

= -V'^fa^ (22) 

Now, direct calculation shows 

this means the kernel distribution is holomorphicly parametrized hj z & D. 
So a smooth solution implies a foliation of Ai by holomorphic discs. 

The Ai can be lifted to a graph in W, using the form Q + iddip. In detail, 
on local product charts f/j, = iddpi, we can lift Ai to graph d{pi + 0) in 
each fiber. The lift is well defined globally due to the way we glue W. 

In [9j, Donaldson showed in the lifting of A4, the foliation is lifted up to a 
family of holomorphic discs in W, and these holomorphic discs take boundary 
value in a totally real sub-manifold A<^q . The same technique works here. 

In summary. 

Theorem 5.3. For a simple test configuration, the smooth solution of the 
Monge ampere equation induces a foliation of holomorphic discs on M. which 
lift up to a family of holomorphic discs with in W. These discs have boundary 
in a totally real sub-manifold. 

Proof: As above. □ 



5.3 The other side of the correspondence 

It is reasonable to consider the reverse correspondence locally. We have the 
following theorem: 

Theorem 5.4. Suppose G : D x U ^ W is a smooth map which respects 
the projection and holomorphic in D. Assume for all r G dD, U is mapped 
to be LS-graph and this LS-graph family has a global potential (po- Then for 
each T ^ D, G maps U to an immersed LS-submanifold in W. Moreover, 
if assuming these LS-submanifolds are LS-graphs, then this family induces 
a smooth solution to the Monge Ampere equation with boundary condition 

4> = 00- 
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In above theorem, U is an open set of real dimension 2n. G : DxU ^ W 
is smooth and respects the projection. In another word, for n : W ^ D, 
IT o G is identity on D. G is holomorphic in D variable. For each r G dD, 
U is mapped to be a LS graph over Mr and this LS-graph family have a 
global potential (po. This just means these LS-graphs are lifting of M. using 
VL + iddcpo on the boundary. 

Proof: Consider G*& on D x U. 9 is well defined on fibers Wt, so G*Q is 
well defined on fibers Ut in D x U . We should view G*0 as a family of forms 
on Ut- Denote real coordinates on U by g^, write G*6 = {j-jk + isjkjdqj A dqk. 
It is straightforward to show Tjk + isjk is holomorphic function over D: Let 
(z, q) be coordinates on DxU . Let {v, x,p) be a local coordinates in W. The 
map G is V = z,x = x{z, q),p = p{z, q). G is holomorphic, so || = 0, ^ = 0. 
Now Q\wt = dpi A dXi,G*e\ut = ^^dqj A dqk, therefore ^{r-jk + iSjk) = 

d_dpi_dxi^ _ g 
dz dq-j dqk 

On the boundary r G dD, G maps U to LS-graphs. But is purely 
imaginary on LS-graphs, so G*Q is also purely imaginary. A holomorphic 
function on the disc with pure imaginary value on dD must be constant, 
so Tij + isij must be constant on every disc in D x U. This also implies 
the Jacobi of the map G(r, ■) : f/ — Wr is non-degenerate, since the pull 
back image G*Q is non-degenerate. It follows that the image G{t, U) is an 
immersed LS-submanifold. 

Now assume G{t, U) is actually a LS-graph, i.e, the projection vr o G{t, ■) 
is diffeomorphism. Following [B] , we find a global potential for this family of 
LS-graphs (modulo the local potential of the background metric). 

First, consider the case when ?7 is a very small open ball. Let Da be a 
small open set in D. Without loss of generality, G maps D^ x U into a single 
chart in W. Since they are LS-graphs, one can solve a real potential cpa for 
this family in the local product chart by = Pi- '^a is unique up to a 
smooth function in z & D. 

Choose a finite covering Da C D, and make U so small such that Da x U 
all fit in single charts in W. This can be done if one fixes a finite chart 
covering of W — >^ -D in first place and then replace U by small subset if 
necessary. Solve the potential ipa respectively in each Da x U , and the 
geometry of W implies d{ipa — Pa) = d^ipp — p/j) on every fiber Mt of M.. 
So on each fiber, the difference {ipa — Pa) — — pp) must be constant. It 
follows that if a — Pa differ with yj^ — by a smooth real function of z on 
intersection. The fact H^[D,S) = 0, {S is the sheaf of functions) implies 



20 



one can adjust Lp^ by function of z such that ~ Pa — ~ Pp- Therefore 
they give the global potential (f> — fa ~ Pa- is unique up to a function of 
z on D. 

The next step is to make satisfy the boundary condition (p = 4>q. Let 
X — ■§; + V°'-^ be the tangential vector of the foliation noG : DxU — 
There exists a 1-1 form fl' on Ai such that ix^' — and its restriction to 
is idd(pa\Mt = ©iLf Locally, Q' = i{g^^dwadwp + C^dwadz + C^dw^dz + 

hdzdz), where ^" = —rj^^'+'ap h = Tj"r]^ip^^. 

Let (f , q) be coordinates on D x f/, g as real coordinates. (2;, w) are 
local coordinates on M.. We have r^'^ = Let p be local potential for 

background metric ^2, and (p = p + (p. The disc family in W is holomorphic 
imphes Jr-^ = 0, therefore 

^ OV OWa 

2 



d d'f) d^<p ^ d^ip J 



dv dwa dwadz dwadwp 



ri^ (24) 



So = aSi, ^' = i{.ddip +{h- ip,,)dzdz) = t{dd{p + (P) + {h- p,, - 
4>zz)dzdz) — D, + iddcf) + i{h — p^z — (t>zz)dzdz. 

On the other hand, Q' is a closed form. To sec this: Let i : Mf — > A4 
be the embedding of fibers, then i*dQ' = d{i*Q') = 0. It suffices to show 
ixdVt' = since the restriction of dQ' to the fiber is zero already. Now we 
show ixdfl' = Lx^' — dix^' = Lx^' = 0. Notice that ^2' is determined by 
©|lj and the condition ix^' — 0. If we can show ©|l^ and X are preserved by 
X-flow, then immediately we obtain Lx^' = by uniqueness. The fact ©1^^ 
is preserved follows G*Q is constant along leaves and the fact X is preserved 
follows [X, X] = 0. So Q' is closed form on Ai, and i{h — pzz — (t)zz)dzdz = 
fl' — fl — iddcj) is closed. This implies {h — p^z — 4>zz) is just a function of 
z. Also, since Q' and Q and are globally defined, so {h — pzz — 4>zz)dzdz is 
defined globally and doesn't depend on the local representation. Therefore, 
the function h — pzz — (pzz is globally defined, since dzdz is defined on the 
whole disc. (Notice that the z stands for a coordinate in a local product 
chart, so in different product charts, (pzz is not the same though the function 
(p is the same.) 

Now lei H — h — pzz — (pzz- H is defined globally on n o G{D x [/), but 
solely depends on z & D. One can solve the following equation on disc: 

dzz(p' = H (25) 
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with (j)' = (pQ — (f) on the dD. Now replace by + 0', then one get Q' = 
Q + idd(j) and = 0o on dD. (Note that in different local charts, {z, w) and 
(f , x) in Ai, where z, v project down to the same disc variable. dzz4>' = dmCp' 
since 0' is constant fiber- wise.) This finishes the proof of finding potential 
if U is sufficiently small. 

Now for arbitrary U, one can always partition it into small open balls Ui 
which admit potential 0j. Let p be a local potential for the Q on Ai, then 
on the leaf 

Lemma 5.5. A(p + 0^) = XX{p + 0^) = 

Proof: Let f = p + (f)i, 

XX f = X{r^^)f^ + ddf{X,X) (26) 
= (27) 

□ 

This implies A(0i — 0j) = on the leaf. Now with the extra condition 
0j = 0j = 00 on the dD, it implies 0j = (pj on the intersection. The global 
potential is immediately obtained from this. □ 

Remark 5.6. The above correspondence is constructed only on simple test 
configurations. In these configurations, central fiber are smooth. However, 
we believe the techniques should work for some mild singularities in the 
central fiber. 

Another point is that the correspondence has nothing to do with the C* 
action. 

6 Openness of super regular solution 

Using the correspondence in previous section, we can study regularity of the 
solution by the associated holomorphic disc family in W ^ TWEl Donald- 
son's definition |9| of super regular discs and the hnearized model could be 
extended to our case as well. In detail. 

Definition 6.1. In the moduli map G : D xU ^ W, a disc G{D, x) is called 
super regular at 2; G -D if d{7r o Gz)x '■ TU TM is isomorphism. A disc 
G{D,x) is called super regular if it is super regular at every z & D. 

^However, the existence so far only requires smoothness of total space. 
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Definition 6.2. A geodesic ray induced from a simple test configuration is 
called super regular if the disc family in W is super regular. If]. 

For a disc Gx = G{-, x) in the moduli map G : D x U —>■ W, one can 
consider the holomorphic perturbation of G^ that satisfies the totally real 
boundary condition (the boundary is in the A^, i.e., the lifting of M^, t G dD 
by Q + idd(f)). Also, we normalize the perturbation such that it preserves the 
projection property. In another word, ir o G : D x U D is identity on D 
variable. The linearized problem is 

Theorem 6.3. In the moduli map G : D x U ^ W corresponding to a 
smooth solution (f), the linearized perturbation equation for a disc G{-,x) is 

V = Su + Au on dD (28) 
du = (29) 
dv = (30) 

where S and A are maps from dD to complex symmetric matrices and positive 
hermitian matrices respectively. u,v are C" valued functions on D. 

Proof: The idea is the same to Donaldson [5]. Trivialize the exact sequence 
^ (tt o Gx)*iT*M) ^ GliTW) ^ (vr o G^TiTM) ^ 0. □ 

In [9], it is showed that the problem is Fredholm and the index is 2n. 
Consequently, if the disc is regular in Fredholm sense, then G : D x U ^ W 
is indeed an open set in the universal moduli space. 

Regarding on the criterion of regularity of a disc, a modification of Don- 
aldson's argument leads to the following: 

Theorem 6.4. // a disc is super regular at any point p G dD, then the disc 
is regular. 

Proof: We look at the linearized model since the general case can be sim- 
plified to the model. 

First, define f2(si,S2) = u\v2 — u\vi. This is a symplectic form for s = 
{u,v) G C^". In particular, for Si, S2 G ker S^^^, 'ifi(si(r), S2(t)) is real and in- 
dependent of r. To see this, just notice that iQ{si, S2) is holomorphic function 
and on dD, ifl{si, 82) = i[u\{Su2 + Au2)—u^2{Sul + Aul)] = i{u\Au2~U2Aui) 
is real. 

^i.e.: the solution is smooth regular to the Monge Ampere equation on the test config- 
uration M 
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The super regularity at p G dD means there are 2n elements Sj — 
{uj,Vj) G kcr ds,A such that Uj{p) form a /?-basis for C". By continuity, 
it implies Uj{r) form a i?-basis for C" in a neighborhood r G t/p. 

We claim Si(T) are generically C-linearly independent. It is equivalent 
to claim det[sj]i<j<2n has discrete zeros. Notice det is holomorphic, so the 
zeros are either discrete or the whole disc. Suppose it is the whole disc 
for contradiction. In the neighborhood Up, assume the maximal rank of 
[sj]i<j<2n for T & Up is achieved at p without loss of generality, and the 
rank is k < 2n. Assume si, S2, Sk form a basis for span{si} at p, then 
near p, Sk+i = ^A^Si,! < i < k. Aj is holomorphic, since it satisfies 
5^ AjS*Sj = s^^jSj, 1 < i, j < k. In another word, it is obtained by solving 
the holomorphic matrix equation A[s*Sj] = s\_^iSj. Now one finds holomor- 
phic functions Ai, A^, Afc+i = — l,Afc+2 = 0, ...,A2n — near p, such that 

XiSi = 0. On the boundary dD near p, 

= Yl ^^"^^ = -^(E ^^^o) + ^(E ^^■^^■) = ^(E ^^■^^•) (31) 

So Yli ^j^j — ^iid we also have ^ XjUj = 0, so 

Im{Xj)uj = = ^ Re{\j)uj (32) 

Since Uj form i?-basis near p, one has A^ = on dD near p, which contradicts 
the choice of \j. Therefore, the det[sj]i<j<2n has discrete zero. 

Now suppose the ker Bs^a has dimension strictly greater than 2n. Then 
one can choose sq not in span{si\, 1 < i < 2n. Now in the 2n+l dimensional 
vector space span{si}, iD, as a skew form, must be singular. So there is a 
vector s G span{so, S2„} such that ifl{s, span{si, S2„}) = 0. Notice we 
proved Si, S2n form a C-basis generically, this implies s = generically on 
D. Thus it implies s = 0, contradiction. □ 

In particular, since the holomorphic discs associated to smooth solution 
(f) are automatically super regular, above theorem proves that they are all 
regular and the moduli space M in the map G : D x M W is a compact 
connected component of the universal moduli space. It readily implies the 
following theorem. 

Theorem 6.5. Openness: If the equation {fl + idd(pY^^ = 0,4> = (po on 
dM. admits a smooth solution (j) with + iddcj) > on fibers, then for any 
small perturbation 50o £ C°°{dM.), the new boundary value problem still has 
smooth solution 0' which is close to in C°°{A4) and (Q + iddcf)') > on 
fibers. 



24 



Proof: We refer the proof to which essentially asserts that compact 
families of regular normalized discs are stable under small perturbations. □ 

7 Geodesic ray from Toric degenerations 
7.1 Basics of Toric degeneration 

For completeness, we describe Donaldson's construction of Toric degenera- 
tions |TT] in the following: 

Let P C -R" be a polytope associated to a toric variety M, for simplicity, 
assume P is Delzant. Given a rational piece wise linear function / on M, 
one associates with a polytope P = {{x,y) : x E P, < y < K — f} C i?""*"^, 
K > max/. For simplicity, we assume P is Delzant and integral. 

It is classical fact that P as above induces a toric variety A4 with a 
positive line bundle C Each integral point p in P corresponds to a section 
Sp of £ — i> A^. The correspondence is compatible with addition of integral 
points and multiplication of sections. In another word, if pi + P2 = Ps + Pa, 
then Sp-^ Sp^ Sp^ . 

One can view as a sub-variety in P^ by Kodaira embedding: x e 
M.,x — > [si{x) : S2{x) : ... : where i runs through the integral points 

of P. So C P^ is defined by homogeneous equations F{Xi) = 0. These 
equations are induced by the relations of Sj, or equivalently, by the relations 
of the integral points in P. 

There is a map tt : A4 ^ P^, defined by vr : x — > [sp{x) : Sq{x)] where 
p = {ti, t„, tn+i), q = (ti, t„, tn+i + 1) G P. Also, there is a natural C* 
action on Ai from the torus T""*"^ = x C*. It transforms section Sp to 
t^Sp where p = (ti, ...,t„, k). So the C* action can be lifted to tt : Al — > P^ 
by defining t o [x : y] = [x : ty] on P^. 

The toric degeneration is just Al — 7r^^([l : 0]). The following example 
shows the construction in detail. 

Example : Let P = [0, 2] G P be the base polytope. / = max{0, x — 1} is the 
piece wise linear function on P. P = ([0, 1] x [0, 1]) 1J{1 <x<2,x + y<2}. 

Denote the integral points X = (0,0), F= (1,0), Z= (2,0),f/= {0,1),V = 
(1, 1). Then the toric degenerations is the sub- variety in P^ defined by 

XZ = Y'^,XV = UY (33) 

The C* action on M is t : [X : Y : Z : U : V] [X : Y : Z : tU : tV]. 
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Notice that in order to get nontrivial test configuration, we only consider the 
part A4 — vr~^([l : 0]). In another word, we consider the asymptotic direction 
when t oo on C*. 

The central fiber is defined by [F : l^] = [0 : 1]. It is the toric variety 
associated to the segment y — l,x e [0, 1] and x e [l,2],x + y — 2. Ge- 
ometrically, the central fiber is the union of two which intersect at one 
point. 

Notice that the ambient space Ai is smooth here, so the induced geodesic 
ray has ambient bounded geometry automatically. 

7.2 Explicit calculation of the C^'^ geodesic ray 

Wc calculate the induced geodesic ray of previous example. The idea is to 
first calculate the geodesic segment connecting the fiber at [1 : 1] to the fiber 
at [1 : e*], i e i? X S"^, and then take the hmit of these segments when t ^ oo. 

Equipped with the natural background metric of P'^, the fiber ai w = [1 : 
e*] G has metric potential ^ log(|Xp + \Y\^ + \Z\^ + \U\^ + \V\^). Pull this 
metric to the fixed fiber M at w = [1 : 1] e P^, the potential becomes 

i log(|X|2 + \Y\^ + \Z\^ + e^'\U\^ + e^'\Vf) (34) 

Since the fiber M is at [1 : 1], so y = V, X = [/. After proper normahzation, 
the potential is 

\ log(|X|2 + |y|2 + (e^* + 1)-^|Z|2) (35) 

Now we calculate the geodesic segment connecting these two metrics. 

Choose [A, B\ as standard P^ coordinate ovlM X — B"^ ,Y — AB, Z — 
A^. Using C* = Rx coordinate of P\ >1 = e^^, P = 1, y e P x S^, and 
the metric potential is 

Vt = ^log(l + e2^ + e^ne'* + l)-') (36) 

One can verify the legendre transform of /io,t maps R to (0, 2) for each fixed 
t. 

Notice that in polytope representation, the geodesic is just a straight line 
of convex functions. Now by straightforward calculation, one just computes 
the two end points associated to the two metrics in polytope representation 
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and then take the hnear interpolation. Passing to hmit, one gets the C^'^ ray 
in polytope representation 

Ut — Uq + tmax{0,x — 1) , t e [0, oo) (37) 

In the standard picture of M x [0, oo), we transform the Ut by Legedre 
transform and get the potential 

r hoiy) y < 

ht{y) = { haC-^)+y-'-^ ]^<:y<h^ + t (38) 
(ho{y-t)+t '-^ + t<y 

One can verify that ht — h^ t is uniformly bounded. This confirms that 
the geometric ray is parallel to the algebraic ray. 

It is natural to extend above result to general toric degenerations. 

Theorem 7.1. Let M be a toric degeneration with extremal piece wise linear 
function f. Suppose the ambient polytope P is delzant. Then the induced 
geodesic ray is u — uq + tf in polytope representation. 

Proof: We only give a sketch of the proof. Because of the uniqueness of 
geodesic ray in a fix direction, it suffices to show the ray u — Uq + tf is 
parallel to the algebraic ray. In another word, it suffices to show ht — ho^t is 
uniformly bounded, ht is the geodesic ray in standard product presentation. 
ho^t is the algebraic potential. 

If we take the fiber Mi at [1, 1] for standard model, then ho,t = | log Se^^' \Xi 
with Xi are integral points in the base polytope. Using C* — R x coordi- 
nates, one can write = exp(Edjyj), and X^ — {di,d2, d^)- 

The calculation of ht is the same as in the example. It is straightforward 
but lengthy to check the difference ht — ho^t is uniformly bounded. □. 

These geodesic rays show some bad regularity. In general, they behave 
like the following: First, they break the manifold M into several pieces. As 
time evolves, they will tear these pieces apart, but keep metrics on each part. 
The space between the teared parts has vanished metric. In particular, one 
can verify that the 2nd derivative of these rays are piece wise smooth func- 
tion on fibers. At the broken points, these 2nd derivatives have jumps, so 
there is no global bound for the geodesic ray potential. 
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For toric varieties, there has been extensive hterature in extremal metrics. 
Abreu[T] initiated to study complex geometry on toric variety by symplectic 
coordinates. Afterwards, there has been much work in extremal metrics on 
toric variety, c.f. Donaldson [llj. Zhou-Zhu|26],Gabor|T3]. 
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